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Abstract 

We formulate some special conditions for the integrable functions and 
moduli of continuity. We give the results on rate of approximation of 
such functions by matrix means of their Fourier series, where the entries 
of the rows of the matrix generate the sequences belonging to the classes 
MRBVS and MHBVS. We also present some results on norm approxi- 
mation for functions from the generalized integral Lipschitz classes. 
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1 Introduction 

Let LP {1 < p < oo) be the class of all 27r-periodic real-valued functions 
integrable in the Lebesgue sense with p~th power over Q = [— tt, tt] with the 
seminorm ^ 

11/11 :=ll/(-)Lp = (^/j/Wrdij (1) 

and consider the trigonometric Fourier series 

with the partial sums 8}^] . 
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Let A :— {an,k) be an infinite lower triangular matrix of real numbers such 
that 

On fc > when k — 2, ...n, an.k — when k > n , 



an,k = 1, where n = 0, 1, 2, ... , 

k=0 

and let the A— transformation of (Skf) be given by 

n 

Tn,Af i^) — X! ^ri,kSkf (x) {n = 0, 1, 2, ...) . 

fc=0 

Denote, for to = 0, 1, 2, .., n, 

■m n 

A-n.ni — ^ ^ ^n,k and ^n.rn — ^ ^ CLn^k- 
k—0 k—m 

We define two classes of sequences (see H]). 

A sequence c := (c^) of nonnegative numbers tending to zero is called the 
Rest Bounded Variation Sequence, or briefly c G RBVS, if it has the property 

oo 

\ck - Cfe+i| < (c) Cm 

k—m 

for all positive integer m, where (c) is a constant depending only on c. 

A sequence c := (c^) of nonnegative numbers will be called the Head Bounded 
Variation Sequence, or briefly c G HBVS, if it has the property 

m — l 

|Cfc - Cfc+i \ < K (c) C,n 

k=0 

for all positive integer to, or only for all to < n if the sequence c has only finite 
nonzero terms and the last nonzero term is c„. 

Now, we define two another classes of sequences. 

Follows by L. Leindler (see [5]) a sequence c :— (c^) of nonnegative numbers 
tending to zero is called the Mean Rest Bounded Variation Sequence, or briefly 
c G MRBVS, if it has the property 

oo ^ m 

E \ck - Ck+i\ < K (c) (2) 

k—m k>m/2 

for all positive integer to. 

Similar classes of sequences were considered in the papers [2], [B] and [S]. 

Analogously, a sequence c := (cfc) of nonnegative numbers will be called the 
Mean Head Bounded Variation Sequence, or briefly c G MHBVS, if it has the 
property 

n—m—l ^ n 

\ck-Ck+i\<K{c)^- Y Cfc' (3) 
^-^ m + 1 ^-^ 

k—O k—n — ni 
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for all positive integer m < n, where the sequence c has only finite nonzero 
terms and the last nonzero term is c„. 
It is clear that (see [5]) 

RBVS £ MRBVS and HBVS £ MHBVS. 

Consequently, we assume that the sequence {K {an))'^^Q is bounded, that 
is, that there exists a constant K such that 

Q<K (a„) < K 

holds for all n, where K (q!„) denote the sequence of constants appearing in the 
inequalities © or ([3]) for the sequence a„ = (ari,fe)^^Q, n = 0, 1, 2.... 

Now we can give the conditions to be used later on. We assume that for all 
n and < m < n 

n — 1 ^ m 

y^\an,k - an.k+i\ < K — an,k (4) 

^-^ m + 1 

k—m k>7n/2 

and 

n—m—l ^ n 

\an,k - an,k+i\ < K — y an,k (5) 

■^-^ TO + 1 ^-^ 

k—0 k—n — in 

hold if (an,fe)Lo belongs to MRBVS or MHBVS, for n = 1, 2, respectively. 

As a measure of approximation of / by T„ ^/ we use the generalized modulus 
of continuity of / in the space defined for /3 > by the formula 

^0fiS)L» ■= ™p 

0<|t|<d' 

where 

(t) -.^ f{x + t)+ f{x-t)-2f{x). 
It is clear that for /3 > a > 

and it is easily seen that ojo/ (Ol? — { )lp *b-e classical modulus of smooth- 
ness. 

In our theorems we shall consider the pointwise deviation T„ ^/ [x) — / (x). 
We shall formulate the special conditions for the functions and moduli of conti- 
nuity. Consequently, we also give some results on norm approximation. We shall 
use the matrix which the entries of the rows generate the sequences belonging 
to the classes of sequences MRBVS and MHBVS. Thus we essentially extend 
and improve the earlier results [3J Theorem 2, p. 347] and [7]. Moreover, we 
prove that from our results the pointwise version of the correct form of the Lai 
theorem follows. 

We shall write Ii <^ I2 if there exists a positive constant K, sometimes 
depending on some parameters, such that Ii < Kl2. 



\LPa: {t)fdx 
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2 Statement of the results 

Let us consider a function w of modulus of continuity type on the interval 
[0, 27r], i.e. a nondecreasing continuous function having the following properties: 
uj (0) = 0, w {5i +82) <UJ [5i) + uj {82) for any Q < 5x < 82 < 5i + 82 < Itt. It is 
easy to conclude that the function 8^^ijj {8) is quasi nonincreasing function of 
6. Let 

LP (io)^ = {feLP: cupf (8)^, « u (6)} . 
It is clear that, for /3 > a > 0, 

LP (w), C LP {u)^ . 

Now, we can formulate our main results on the degrees of pointwise summability. 
The pointwise nature of our results ensure the assumptions of presented below 
theorems with f {x) (cf. [1 ). 

Theorem 1 Let f & LP (1 < p < 00) and let oj satisfy 
and 

with 0</3<l-i andq^ If {an,k)l^^^ £ MRBVS, then 




and if (fln^kYl^Q £ MHBVS, then 




for considered x. 

Supposing a stronger condition than ([6]) we can obtain a better order of 
approximation. 

Theorem 2 Let f & LP {\ < p < oo) and let ijj satisfy 
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and ^ with < /3 < 1 - I and g = // (a„,fc)^^o ^ MRBVS, then 



fc=0 



fc+ 1 



and if {a,n.k)k=o ^ MHBVS, then 

\T„,Af (x) - f ix)\ =0^ l)'^^a„,„_fca; ^^^^^ j , 

/or considered x. 

Next, we formulate the result on estimates in the norm of the deviation 
considered above. 

Theorem 3 Let / e LP (w)^ (1 < p < oo) with < /3 < 1 - i. // (a„,fc)5!^Q G 
MRBVS, then ^ 

O 
O 



F„,^/(-)-/(-)ILp = 

and if {a,n.k)^^Q £ MHBVS , then 

i|7^„,a/(-)-/(-)ILp = 



{n + lfEk=o^n,kOj(^j^)) for (3>0, 
((" + l)^ELo«",few(lTT)) V /3 = 0, 



o((n + l)^ELoa","-fc^(lTT)) /"'^ /3 = o. 



Finally, we give some remarks and corollary. 

Remark 1 Analyzing the proofs of our Theorems we can deduce that under 
the additional assumption An^k ~ O (^;rTT^ '''' An,k — O (■;rTT) ™s obtain the 

expression Ll> (^:;^'^ instead of I]fc=o '^n,fe^ (itt) Sfc=o '^"."-fc'^ ( feTi) ' 
respectively, in the estimates of our deviation ^/ — / . 

Remark 2 We can observe that taking On^k — X]"=fc ^"p'' obtain the 
mean considered in '31 and if{p^) is monotonic with respect to v then {an.k)^^^ G 
MRBVS. Moreover, under the assumptions of Theorem 1 on a function f , if 
{pu) is nonincreasing sequence such that the condition 

n 
v—r 

holds, then from Remark 1, using Lemma 3, we can obtain the correct form of 
the result of S. Lai 
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Corollary 1 /// G Lip {a,p) := {g e : ujg (5)^^ < 5"} (0 < a < 1, 1 < p < oo), 
then f E LP (w)^ with uj (6) = (5"+*^, where a + /S < 1. Taking the Fejer mean, 
i.e. Qn.k = ;jqrr for k — 0,1, n and Un.k — for k > n, we get from Theorem, 
3, by Remark 1 with a G (0, 1), the following estimate 



for (3 G ^0, 1 — ^ j , where 1 < p < oo. So, we obtain the best order of approxi- 
mation on wider class of functions. 

We can also deduce further remarks. 

Remark 3 Analyzing the proof of Theorem 1 we can deduce that taking the 
assumption ian,k)k=o ^ RBVS or {an,k)k=o ^ HBVS instead of (an,fc)^'^g G 
MRBVS or ian,k)2^Q S MHBVS , respectively, we obtain the results from the 
paper f?j. 

Remark 4 In the case p > 1 {specially if p — \) we can suppose that the ex- 
pression t^^LU (t) is nondecreasing in t instead of the assumption f3 < 1 — ^• 

3 Auxiliary results 

We begin this section by some notations following A. Zygmund ([IH])- It is clear 
that 





and 




k=0 



where 




Hence 




n 



Next, we present the known estimates for the Dirichlet kernel. 
Lemma 1 fl^ If < \t\ < ir then 



\Dkit)\<- 



and, for any real t, we have 



\Dk {t)\ < fc+1 
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More complicated estimates we give with proofs. 
Lemma 2 (cf. g [f; If {an,k)l=o ^ MHBVS, then 



an,kDk (t) 



k=0 



O (t-M„,„_2r) , 



and if ia,n.k)2=o ^ MRBVS , then 

n 

an,kDk (t) 



k=0 



0(t-^A„ 



/or < t < TT (n = 2, 3, ...) , where t = [n/t] 
Proof. Using partial summation 



^ . (2fc + l)t t 
y ^ fln.fc sm ^ sm - 

fc=0 



_^ n— 1 



ri-1 



E 2^ 

(=T-1 



(2/ + l)i . i 



■ sm 
2 2 



" . (2/ + l)t . i 
> 2 sm sm - 



fe=r-l 



2 



^ (cos/i - cos(? + 



i=r-l 



< tA„^T- + - ^ |a„^fc — a^^k+i 

n 

(cosZi - cos(/ + 

;=r-i 

< iyl„,r + X ^ |a„,A; - an,fe+i| |cos (r - 1) < - cos (A; + 1) i| 



A;=r-1 



+ 2^n,n |C0S (t — 1) i — cos (?! + 1) t\ 



n-1 



< tAn,T + ^ — Ctn.fc+ll 



fe=r 



7 



or 



k=0 



. i2k + l)t . t 
— — — sm - 
2 2 



^ n—T—1 



fc+l| 



E2 



sm 



(2Z + l)t . t 

sm - 

2 2 



E2 



. (2/ + l)t . t 



sm ■ 



■ sm 
2 2 



+ ar, 



=0 
n—T — l 

fe=0 

Because {an,k)k=o ^ MRBVS we have 

,s 

n—1 ^ r 

< \an,k - an,k+i\ <■ — — r an,k (0 < r < m < s < n) , 

f — ' r + 1 ^ — ' 

whence 



k=r 



k>r/2 



0-71,8+1 < an,m H r an,k {0<r<m<s<n) 

r + 1 ^-^ 



k>r/2 



and therefore 



sm 



fe=o 



(2A:+l)f . t 

^ 7i — sm - 

2 2 



1 ^ 1 ^ 

<C tA„ T H — a„,fe H — an,n 

r + 1 r + 1 



k>T/2 



k>T/2 



r/2 



<C tA. 



r + r + 1 ^ + l,fr/4 



fc>r/2 m>T/2 

Analogously, the relation {an,k)k=o ^ MHBVS implies 



r-1 
k=0 

1 " 

7 > cinfc (0<w<s<r<n) 

, — r + 1 f-^ 



n — r + ■ 



fc=r 
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and 



whence 



1 

an,s < an.m H — {0<m<s<r<n), 

n — r + 1 ^-^ 



k—r 



^ (2k + l)t t 
y ^ an,k sm sm - 



k=0 



< tA 



71,71 — T ~l~ , / , Q-n-fc H" ^n.n— r 7 , 1 

r + 1 r 

k—7i — T 7n—7i — 2r 

1 ''"^"^ / 1 \ 

n,n — r ^ / , I ^n,m ^" ^ T / , ^7i,k I 

T "'-^ \ r + 1 / 

m— 71 — 2r \ k—n — T / 

n — r — 1 

< 2tA„^„_7. + - ^2 '^n,k *C tA„^„_2T (t < . 
k=n-2T 

Thus our proof is complete. ■ 
Lemma 3 Let f e {l< p < oo), {3 >Q and 0<j<l3 + ^.If 



(9) 



then 

n 



m— 1 



1/p 



Proof. Let ([9|) holds. Then, using the Holder inequality (^^ + ^ = 1^, we have 



m— 1 

n 

m— 1 



^^Vsin^^idt 



i/p 



1/p 



< 



1/p 



when < 7 < + i . 
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4 Proofs of the results 



4.1 Proof of Theorem 1 

Let 



{t)^a^,kDk {t)dt 



k=0 



-fx (t) an,kDk (t) dt 

IT I 21, ^ — ' 



where n > 2. Then 



KaI i^) ~ f < \h\ + \l2\. 

By the Holder inequality (p + , = ' Lemma 1 and (0), for /3 < 1 — i, 



\h\ < 



< 



(n + l) 



(n + l) 



Ifx {t) \ dt 



I'Px ft) I . fS t 

, , , bill ^ 

L ^{t) 2 



dt 



uj{t) 



dt 



< (n + 1) f cj — 



1 1 



dt) <(7i+l)^w 



n+l 



Suppose that (a„,fc)^^Q e MRBVS. By the Holder inequality (| + q ^ l) ; 



Lemma 2 and (El) for an even n 



Ihl « 



l^Px it)\ \^ 



fc=0 

f-l m+1 

< 51 I] ""-fc 
m=l fc=0 



k—2 m—k 



{t)\ ^ 

^ 2^ ari,fcdt 



m = l IK+l ' k=0 
k 

m=2 k=Q 
1 



fc=0 in=2 



\Vx{t)\ 



dt 



\fx {t)\ 



dt 
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k=2 m=k \ — 

1 f 



Wx {t)\ . p t 

w (i) 2 



1 P 



< 



fc=0 m=2 



w {t) 2 



1 P 



'JT 
Mr 



dt 



k—2 m—k ^ ' - 

1 f 



- — sm'-^ - 
w (t) 2 



ft=0 m=2 
TT 



m — 1 



- — rr-^ sm'^ - 
oj (t) 2 



dtj 

1 



fe=0 



IV'a; {t)\ . « 

sm'^ - 

w (t) 2 



dt 



< (n + l)^+^^a„,few 

fe=0 



/c + U ' 



and for an odd n (n > 2) 



\h\ « 



"'ir fc=o 



m=l m + 1 



/s=0 



fe=0 



the first sum we can estimate similarly like for an even n and therefore 



fc=0 



m=2 



2 



/s=0 



For the second sum we have 
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< 







sm'^ - 
2 


' 1 

dt 


ri 






dt > 



























fe=0 



n + 1 



cj(<) 2 



L 2 J 



fe=0 



1 a; 



^ «(-+ir^E 



fe=0 



A: + 1 



Consequently, let (an,fc)fc^o ^ MHBVS. By the Holder inequality (p + g = 1 
Lemma 2 and (jH]) for an even n 



\h\ « 



^ WAt)\ 



— 5Z ^","-2fc E 



fc=2 



m— 1 T7T+1 

1 



\ipx {t)\ 

'^n,n~2kdt 



k=0 



fc=0 



m=2 



w{t) 2 



1 t 
+ E] 0'n,n-2k 

fc=0 m=2 



dt 



2 



t sm^ I 



dt 



k=a 



m=2 



\Vx {t)\ 



1 P 



, , ■ sm"^ - 
uj(t) 2 



dt 



k=0 



< p E an,ri~2fc^^ f ^j^Y j < (n + 1)'^+ p E a„,„-feW I ^ _^ ; ' 

k—O 

and for an odd n {n > 2) 



h « 



E 



m — 1 Tn + l 



'^^ E + ^ E = E, - 

7 n / n 



fe=0 
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The first sum we can estimate similarly like above 



« 5]a„,„-2fe^ (kTl) ^ 



fc=0 



\Vx {t)\ . fi t 

-— sm*^ - 

u{t) 2 



dt 



-fcW 



fc=0 



For the second sum we have 



fc + 1 



dt 



-— sm*^ - 

uj{t) 2 



i sin^ I 



^ X fln,n-2fc 



1) "c. 



k=0 



Collecting these estimates we obtain the desired result. 



4.2 Proof of Theorem 2 

Similarly to the proof of Theorem 1 , we have 

K.Af i^) ~ f < \h\ + \l2\ 



and for B <1 ~ 



n+1 



Suppose that (a„,fc)^^Q e MRBVS. By the Holder inequality + ; 
Lemma 2 and (jS]) for an even n 



\h\« r^^^a„,.di=^ 



t 



k=0 



m—l m + l 



Ifx it) \ ^ 
1- 2^ 0,n,kat 



k=0 



k=0 



m=2 



siu^ i 



dt 



k + ir 
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and for an odd n (n > 2) 



, t ^ ' / 2^ 

m=l " ^TT+T fc=0 "ST 



1^21 « E 

m— 1 

For the first sum we have 



l^a: (<)| , 

^ 2^ a,ac«i = 2^1 + 2^2 



fc=0 



fe=0 



k=0 

and for the second one 



m=2 I 
TT 



^^sin^^' 
w(t) 2 



dt I 



fc+ 1 



dt 




Consequently, let (an,fe)fe^o ^ MHBVS. By the Holder inequality (^p + g — 1 
Lemma 2 and (jH]) for an even n 



' ' / ^ 2^ an,kdt^ j > ^an,n~2kdt 

if fc=n-2T m=l"^lST fe=0 
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and for an odd n (n > 2) 



\h\ « E 



(t)i 

t 



0-n,n-2kdt+ 



m=l m+l k=0 

Analogously as above 



k=0 



« E 



k=0 



< (n + 1)'' E a„,„- 



fc=0 



m=2 K 
/C+ 1 



^^sin'^*' 
oj(t) 2 



and 



^ E 



2k 



k=0 



(it 



dt 



— E/ '^n,n-2k { 
k=0 

[f] 

^ E/ '^n,n-2k 
k=0 



uj{t) 2 




t sin' 



dt 



+ 1) 



fc=0 



/c + 1 



Collecting these estimates we obtain the desired result. 



4.3 Proofs of Theorems 3 

The proof is similar to these above. The expressions in the estimates under the 
LP norm with respect to x will be like these on the left hand side of our conditions 
dZl) and dH) or ® when /3 > or /3 = 0, respectively. Since f e LP (cj)^, the 
such norm quantities will always have the same orders like these on the right 
hand side of the mentioned conditions. Therefore the proof follows without any 
additional assumptions. I 
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